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Abstract

We propose two new semiparametric specification tests which test whether a vector of condi-
tional moment conditions is satisfied for any vector of parameter values 6y. Unlike most existing
tests, our tests are asymptotically valid under weak and/or partial identification and can acco-
modate discontinuities in the conditional moment functions. Our tests are moreover consistent
provided that identification is not too weak. We do not require the availability of a consistent
first step estimator. Like Robinson (1987) and many others in similar problems subsequently,
we use k—nearest neighbor (knn) weights instead of kernel weights. The advantage of using knn
weights is that local power is invariant to transformations of the instruments and that under
strong point identification computation of the test statistic yields an efficient estimator of 6, as
a byproduct.
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1 Introduction

1 Introduction

We propose two specification tests for models defined by conditional moment restrictions (CMR).
The null hypothesis of interest is that the model is correctly specified in the sense that there
exists a (set of) parameter value(s) #y that makes the conditional moment restrictions satisfied
with probability one. Note that we do not impose any identification assumption, and the null
hypothesis allows for the possibilities of weak and partial identification. We moreover do not
require any smoothness or continuity assumptions under the null hypothesis.

Although there are quite a few specification tests that can be used in a similar context, virtually
all such tests impose strong point identification under the null hypothesis and differentiability of the
moment conditions Moreover, they typically exploit the fact that the unique 6y is y/n—consistently
estimable under the null (and sometimes even under the alternative). See e.g. Bierens (1990),
Zheng (1996), Fan and Li (1996, 2000), Koul and Ni (2004), Delgado, Dominguez and Lavergne
(2006); see Robinson (1991) and others for nonparametric independence tests. However, there
are many economic examples in which a model does not provide point identification even when the
specification is correct; see e.g. Chernozhukov, Hong, and Tamer (2007). Also, as Staiger and Stock
(1997) and Stock and Wright (2000) have shown, even point—identified models can be difficult to
deal with when identification is too weak. For example, tests of overidentifying restrictions based
on two—step methods may suffer from dramatic size distortions under weak identification.

One test statistic that does allow for identification failure was proposed by Guerre and Lavergne
(2005). Their test is similar to Zheng’s except that the conditional error variance function (CEVF) is
estimated fully nonparametrically, i.e. without estimating the (potentially nonidentified) parameter
vector. Guerre and Lavergne moreover introduce a data—dependent (optimal) choice of smooth-
ing parameter and justify a bootstrap approximation. Estimating the CEVF nonparametrically
resolves the identification problem naturally and the Guerre-Lavergne test, unlike ours, is similar.
But nonparametric CEVF estimation rules out a large class of interesting models commonly used
in economics that are prone to causing identification problems, including all models with endoge-
nous regressors. Further, Guerre and Lavergne require smoothness under the null and assume that
the conditioning variables have bounded support. In short, estimating the CEVF nonparametri-
cally (Guerre-Lavergne) is preferable in smooth models containing only exogenous regressors with
bounded support, but does not apply to models which feature more general moment conditions
models considered here and in e.g. Delgado, Dominguez and Lavergne (2006).

Our proposed test statistics are the minimum values of objective functions Ty, T», and they do
not rely on the availability of \/n—consistent estimators under the null. We show that our tests
have correct size regardless of the identification situation and that they are consistent as long as
the degree of misspecification is not too weak. We also analyze the power of our tests under local
alternatives.

The cost of the robustness properties of our tests is twofold. First, since our statistics are global
minima, they can be conservative in the sense that the rejection rates under the null can be smaller
than the nominal levels. However, when the model is correctly specified with the parameter 6,
being uniquely and strongly identified, the asymptotic size corresponds to the nominal size; our
simulation experiments show that the rejection rates are then close to the nominal levels in moderate
size samples, also. This is not surprising, because the global minimizer of our objective function
is a y/n—consistent estimator in this case. In fact, the global minimizer of Ty is then an efficient
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estimator of #y under homoskedasticityﬂ A second, more serious, problem is that the power of our
test is necessarily no greater than that of the two—step version because our test statistic minimizes T
(say) while the two—step version evaluates Ty at the first step estimate. The difference between the
minimum of 74 and the value of T, at the first—step estimate can be large under weak identification
when the two—step test is invalid. But it can also be large if the conditional variance of the specified
moment function varies more under the alternative than under the null, because the minimizer of
Ty and the first step estimator in the two—step procedure may have different probability limits
under the alternative.

The paper most closely related to ours is Zheng (1996). Zheng proposed a two—step approach
using kernel weights with scalar moment conditions. Extending his results to the vector—valued
continuous—updating case would be similar to the tests we propose in this paper. Like Robinson
(1987), we use k—nearest neighbor (knn) weights instead of kernel weights. Using the knn method
has two advantages. First, unlike the Zheng test, the local power of our test is invariant to trans-
formations of exogenous conditioning variables. Zheng’s test can probably be changed to achieve
invariance at the cost of an unnatural and undesirable trimming procedure or (like Guerre and
Lavergne (2005)) by assuming that the regressors have compact support. The second advantage of
our procedure over a version of Zheng’s is that under strong point identification the minimizer of
our objective function is, as mentioned earlier, efficient.

The moments used here are based on parametric functions and our test does hence not cover
semiparametric models like the partial linear model of Robinson (1988). For such models, the Fan
and Li (1996) test is a natural choice.

The paper is organized as follows. We first define our statistics and discuss their properties
under the null hypothesis. We then show their consistency properties under the traditional fixed
alternative. Section 4| studies the behavior of our test under classical local alternatives, and we
compare our test with Zheng (1996). Section [5| contains a modest simulation study and section |§|
concludes.

2 Hypotheses and Test Statistics

Let {w;, z} be an i.i.d. random sequence and m;(#) = m(w;, ) be a d-dimensional vector—valued
function, where z; is a d,—dimensional vector of exogenous variables that may be contained in w;.
We are interested in testing the null hypothesis that for some value 6y, E[m;(6p)|zi] = 0 a.s., i.e.

Hy:30p€© st P(|[EGui(0o)z)]=0)=1 (1)
s P( juf [E((0)]=)] £0) > 0. (2)

Before we describe our statistics in detail, we provide a few examples of situations in which our test is
useful. Example[]is a standard situation in which under the null hypothesis the regression function
of interest has a prespecified parametric functional form. Example[[]]deals with identification failure
due to weak instruments, which is not covered by standard nonparametric testing procedures.

"We do not show efficiency of the estimator in this paper. Note that an estimator derived from a kernel-based
specification test is known to be inefficient even under homoskedasticity; see Linton (1997, 1998). The estimator
minimizing Ty is comparable with Koul and Ni’s (2004); their minimum distance estimator has the same variance as
the standard nonlinear least squares estimator, but does not allow for endogeneity.
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(Testing a Functional Form in Regression Models) Suppose that

Hy : P( E(yi|zi) = f(zi,00) ) =1 for some 6y€0O
Hi: P(E(ylz)=f(2,0) ) <1 forall 6€O,

where f(z;,0) is a known function. See e.g. Zheng (1996), Fan and Li (1996, 2000), and Guerre
and Lavergne (2005).

(Unidentified IV Models) Consider a simple IV model given by
E(y; — Yifho|zi) = 0,

where y; is a scalar outcome variable, Y; is a scalar endogenous variable, and z; is a vector of
instruments. Note that the (conditional) variance of u; = y; — Y;6p cannot be estimated without
estimating 6y. Therefore, the method of Guerre and Lavergne (2005) cannot be applied. Suppose
that the instruments are not relevant such that E(Y;|z) = 0 a.s.. If P(E(y;|z) # 0) > 0, then the
specification is incorrect, because there is no parameter value that achieves the moment condition.
If E(y;i|zi) = 0 a.s., then the specification is correct but the parameter of interest is not identified.
See e.g. Staiger and Stock (1997). In this case, we cannot reject the model on the basis of the
available data.

We now proceed by describing our testing procedures. Under the null hypothesis there exists a
0y such that

E(HE(mi(Qo)\zi)Hz) —0. (3)

One possibility is to use a \/n—consistent plugin estimator 6 of 6y and estimate the left hand side in
evaluated at 6. We instead consider continuous—updating type statistics, i.e. our test statistic
evaluates an estimator of the left hand side in at its minimizing value in order to achieve validity
in situations like example [[]]

As mentioned in the introduction, we estimate the expectation in using knn estimation,
which is similar to kernel (regression) estimation in that it estimates a conditional mean by taking
a weighted average over nearby observations (see e.g. Stone (1977), Robinson (1987)). The knn
weights w;; we use are determined as follows; see Robinson (1987) for a similar definition.

Definition A Let k be such that 1 < k < n, where < (>=) means that the left hand side converges
faster (slower) than the right hand side. Let further c;(j) be any chosen constant, such that for
all i, (i) ci(j) = 0 for j > k, (ii) for fized positive C,C,, independent of n, C; < ¢;i(j) < Cy
for 1 < j <k, and (iii) Z?Zl ¢i(j) = 1. Define p;j = ||z — zj|, let {vi;} be independent random
numbers drawn from a standard uniform distribution, and

Gi =Y I(pa < pij)y Wig={t#i:pu=pi}, viz= Y g <uvy).

t#i =
Then Wij = 0 ij =1 and Wij = Ci(Cz’j + wij + 1) ij 7& 7.
We make the following assumptions. Let V(6) = E(V (1m;(6)]2)).

Assumption A V(6) = Var(m;(6o)|2:) with 0 < ||V (6o)|| < co.
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Assumption B There is an M* such that P(E(|]mi(00)||4|zi) > M*) =0.

Assumption [A] says that m;(6p) is homoskedastic under the null. Although it is restrictive, it
can be relaxed at the expense of longer proofs; we do this for the scalar moment case in theorem
With homoskedasticity, V(6y) = V(m;(6y)) under the null hypothesis. Note however that V()
is less than V' (m;(#)) when 0 is different from 6. Assumption [Blis a restriction on the distribution
of m;(0y). Unlike Guerre and Lavergne (2005), we do not require z; to have compact support.

We explicitly allow for the possibility of weak instruments by permitting i;(0) = E(m;(0)|z;)
to vary with the sample size n, i.e. we impose the existence of a function fi; which does not depend
on n and a nonincreasing deterministic sequence of numbers A, which can depend on n, such that

i(0) = N2 (0) s (4)

This allows for the possibility that instruments are so bad and the degree of misspecification is so
minor that it is not meaningful to distinguish between poor identification and correct specification
in finite samples. Note that this setup resembles but is different from classical local alternatives;
see e.g. Eubank and Spiegelman (1990), Hardle and Mammen (1993) and Zheng (1996), and also
section[d] They are similar in the sense that both of them are asymptotic tools designed to improve
our understanding of the finite sample properties of tests. While classical local alternatives are
intended to study finite sample power with identification being imposed, we introduce A because
we are concerned about the behavior of the tests under the null with weak or partial identification.
We now define our test statistics. Since V() is unknown, we estimate it by

V() =n" Y wijwig, (mi(0) — g, (0)) (17i(0) — 1y, (6)).

ij1J2
Letting 77;(0) = V(0)~ Y2, (6), define
£.(6) = 2y @iy (0)'m;(0)  dY, e tr(M(0)AM(0))  dtr(A) 5)
2435 93 2435 93 2 gy a5y 20 s 05
7y(0) = > Wiy (0)'m;(0) (M) WM(H)) ©

\/ d ;5 wij(wij + wj;) \/ d) ;5 wij(wi + wj;)

where k is chosen to satisfy n3/4 < k < n for Tj and 1 < k < n for Tb; M(Q) is an n x d matrix whose
ith row is 1m;(), and aij = >4 q wiwej is the 4,7 element of A = W'W > 0 with W containing
w;j. The denominators can be shown to be bounded away from zero such that T’ (0) and T5(f) are
always well-defined. The test statistics are then

T, = ;g(g Ty(0), fors=1,2. (7)
The numerator of T} is n times n~1 Sy 1/2:(0) |, with ; a knn estimator of ;. T, is a leave—
one—out version of 77 and is similar to the statistics considered in Zheng (1996) and Fan and Li
(1996), but using knn instead of kernel weights and continuous updating instead of pluginﬂ

2 Assuming strong point identification of 6y, the minimizer of can be shown to be an efficient estimator for 6.
Under partial identification, the limit function of T%(0) (after rescaling) is E(|lzi(0)]1?). An interesting estimator of
the identified set is the collection of points 6 for which T, (0) is below some sample size-dependent number, much in
the spirit of Chernozhukov, Hong, and Tamer (2007).
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Theorem 1 Suppose that assumptions[A] - @ hold and let qo, be the 1 — « quantile of the standard
normal. Then, under Hy, the test statistics 11 and Tg, with k chosen as indicated below equation

(@, satisfy
lim P(Ty > qo) <a and lim P(Th > q,) < a,
n—oo n—oo

regardless of A and uniqueness of 0.

Theorem [1| shows that the proposed statistics always have correct size and that they do not rely
on the availability of a consistent estimator of 8y. Note also that theorem [I] does not require any
assumption on m;(6) except that they have uniformly bounded conditional fourth moments at 6.
Therefore, our statistics can also be used for (instrumental) quantile models. Note that assumption
is always satisfied in (instrumental) quantile models.

We now extend the results of theorem [l| to allow for heteroskedasticity under the null. To
conserve space, we only do this for scalar—valued 7;(6), i.c. d = 1, and only for Ty. Define o2(6) =
E(mZ(0)|z) such that o?(fo) is the conditional variance of m;(6y) under the nullﬁ Since o2(6)
is unknown, it should be nonparametrically estimated, 62(6) = 2 w,-jmg(ﬁ). Letting mH () =

m;(0)/5:(6), define
R g (0)mH (0
T2H:1nfT2 (0):me]m ()mj()
6O > i Wi (wij +wj;)

We then have the following theorem, which is an extension of theorem (I to heteroskedasticity.

Theorem 2 Suppose that assumption @ holds and that E(|m?(00) — o2(60)[F") < oo for some
p* > 6. Suppose that there is a constant Cs > 0 such that Cy < 03(90) < 00 a.s.. Let k = nl/3+2/p"
and let qo, be the 1 — a quantile of the standard normal. Then, under Hy,

lim P(TQH > qo) < «,

n—oo
regardless of X and uniqueness of 6.

Theorems |l and [2[show that the rejection probability under the null is asymptotically no greater
than the nominal size. Since the tests are not similar absent strong point identification, there could
be local alternatives under weak or partial identification for which our tests have power smaller than
«. Although our tests are hence biased, we note that it is not generally possible to construct an
asymptotically pivotal specification test that is similar under weak or partial identification. Indeed,
tests of conditional moment restrictions require estimates of both the conditional moments and the
conditional error variance. Unless the conditional error variance does not depend on any unidentified
or weakly identified parameters, the conditional error variance cannot be consistently estimated.
One case in which the conditional error variance function can be estimated is a regression model
with only exogenous regressors, because in that case the conditional error variance is the same as the
conditional variance of dependent variable given regressors; see e.g. Guerre and Lavergne (2005).
Under partial identification, Guggenberger, Hahn, and Kim (2007) showed that specification tests
of nonlinear moment inequalities have the form of nonlinear one—sided hypothesis tests of which no
implementable asymptotically exact size ones are known (see also Wolak (1991)).

3Using o} (0)® = V(:(0)|2:) will increase power, although o 2(6y) = 02(fp) under the null. We consider o7 ()
here for simplicity.
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3 Strong Misspecification and Consistency of the Tests

In this section, we show that the probability of rejecting the null under the alternative converges
to 1, when A # 0 is fixed. As explained in section [2] this analysis establishes consistency against a
fixed alternative. Local alternatives are considered in section [l

We make the following assumptions. Let m;(0) = V()= 1/2m;(#) and p;(0) = V—'/2(8) ().

Assumption C The parameter space © is compact.
Assumption D infgeg ||V(0)| > 0 and supyeg ||V (0)]| < 0.
Assumption E For some 1 < p < 0o, E(supgeg ||1£i(8)]|P) < oc.

Assumption [C] is standard and so is assumption [D] In fact, assumption [D] is related to, but
weaker than, uniform boundedness (away from zero) of the conditional variance, as in Robinson
(1987). Note that assumption [E| does not impose conditions on the error distribution. For instance,
if m; = y; — Y/0, then assumption [Ef imposes conditions on the moments of E(y;|z;) and E(Y;|z;),
not on those of y;,Y;.

Definition B Let Y be the support of y;. Let F be a collection of functions defined by
F={f(y,0) : YxO =R¥ s.t. ¥p>036 > 0: [|0—0| <6 = P(||f(ys,0)—f (i, 0)|| >n) <n}. (8)
Assumption F m,u € F

F is a collection of functions that are uniformly equicontinuous in § with probability arbitrarily
close to 1. If f is Lipschitz in 6 with probability one, then it belongs to F. Therefore, if m; and pu;
are differentiable in 6 with bounded derivatives, then they belong to F. However, differentiability
of m; is not needed to satisfy assumption [F| For example, I(y; < 6), with I the indicator function,
also belongs to F, as long as y; has a well-defined density. Note also that if f(y;,6) € F, then
9(yi) f(y:,6) also belongs to F as long as g(y;) is bounded in probabilityﬁ Therefore, assumption
in fact implies that 7, m?, m? are all in F.

Theorem 3 Suppose that assumptions[C] —[F] hold. If X # 0 is fized, then under Hy, for any C' > 0,
we have R R
lim P(T; >C)=1 and lim P(Tp >C)=1.

n—oo n—oo

Below we extend theorem [3[ to allow for heteroskedasticity but, like before, only for 75 and

d = 1, again to conserve space. Let a7(8), 62(6), and T4 be defined as in section

Theorem 4 Suppose that assumptions@ @ and@ hold and that 02-2 € F. Suppose that
supy E(|m2(0) — a2(0)[P"") < oo for some p** > 6 and that Cs < infyo?(0) < sup,yo2(0) < C° a.s.
for some constants C,C* > 0. Let k = n*/>YV/P™"  If X # 0 is fized, then under Hy, for any C > 0,

we have
lim P(TH > C) =1.

n—oo

*Note that P(|g(y:)||f(yi,0) — f(yi,0)| > n) < P(nolf(yi,0) — f(yi,0)] >n) + P(lg(ys)] > no).
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In this section, we impose strong point identification (6y is unique and X # 0 is fixed) and analyze
the power of our statistics under a sequence of local alternatives to the null.
The sequence of local alternatives takes the form

Hip « P(ui(6) = u(6) + 6g:) = 1. (9)

where ¢; = q(z), p2(0) = p°(zi,0), u9(0o) = 0 a.s., and {J,} is a sequence that goes to zero at a
rate of (nk)~1/4, Define ,, = arg mingco E(||i(0)][*). We now make a few assumptions on 12, g;.
Let I'; denote the Jacobian of ;1 at 6.

Assumption G (3) 0y is in the interior of ©, (ii) P(u$(0) =0) =1 < 0 = 0y, and (i) E(IT;)
is invertible.

Let * = E([laill*) — E(q;Ts) E(T{T:) " E(Tgs).
Assumption H ¢; is such that (i) 0 < E(g:iq}) < oo, and (i) 1? > 0.

Assumption |G| guarantees that 6, = 0y — 6, E(Til;) "1 E(I".q;) + 0(d,) under @ Assumption
is needed to ensure that 0 < E(||#i(6s)|]) = O(6,) under @ It excludes the case that the
local deviation g¢; is in the linear span of I'; a.s.. If it is violated, then p;(6,) = 0 a.s., also. The
same local alternatives were considered in e.g. Zheng (1996), but only in the context of regression
estimation with exogenous regressorsﬂ Let m1); = mg; = dm; /00, m2); = Mag; = O vec(meg;)/ 0o,
m(3); = Mege; = dvec(mgg;)/00', and likewise for By = Hoir H(2)i = Hooi and K(3)i = Ho60i-

Assumption I m;(0) is three times differentiable such that

(i) V0 € © : E(m;y(0)|2:) = pyi(0) a.s. and E(supy ||,u(j)z~(9)||2) < oo forj=1,2,3,
(i) E(cn(00)|[8) > 0 and E{lncay(60)|1) < oo

(iti) there is an M** such that P(E(||mi(60) — pi(60)||*|z:) > M**) = 0.

Assumption [[] imposes sufficient smoothness on m;, which simplifies our discussion of classical

~

local alternatives. Let 6y = arg mingco TS(H), such that T = TS(GS).
Theorem 5 Suppose that assumptions @ @ (md@ f@ holdﬂ Then, under (@,

. \/nkégbz d
T, — —— =
Vk/nDs

where Dy is such that D? = O,(n/k) and 1/D? = O,(k/n).

N(0,1), s=1,2, (10)

Theorem |5 shows that our statistics have power to detect local alternatives approaching to the
null at a rate of 9,, = (nkz)_l/ 4 when strong point identification of 6y is assumed. Similar local power
analyses can be found in Eubank and Spiegelman (1990), Hardle and Mammen (1991), Guerre and

Zheng (1996) implicitly assumes that E(T;g;) = 0. Otherwise, theorem 3 in Zheng (1996) would need a correction
in the mean term of the limiting normal distribution.

SNote that earlier 6y was defined such that u;(6p) = 0 a.s.; here u(6y) = 0 a.s.; assumptions |[A| and [B| now apply
to the current definition of 6o.
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Lavergne (2005), Zheng (1996), and many others. We focus in our comparison on Zheng (1996);
Guerre and Lavergne (2005), theorem 3, achieve the same rate as Zheng (1996) and better than
Horowitz and Spokoiny (2001).

Our result is equivalent to Zheng (1996) in terms of the rate of the local alternatives. Zheng
shows that his test has some power detecting local alternatives approaching to the null at the rate of
n~1/2p=4:/4 where h is a bandwidth. For fixed & the local power of our test does not depend on d,.
However, a knn estimator can be thought of as a kernel estimator with bandwidth Ay equal to the
distance to the k—th nearest neighbor, which suggests hiz ~k/ n Thus, (nk)~Y/* ~n=1/ Qh,:dz/ 4,
which is essentially Zheng’s result. So we can always choose k to achieve the same rate as Zheng
and vice versa. In particular, k£ can be chosen to increase at a rate arbitrarily close to n, in which
case our test can detect alternatives arbitrarily close to n~'/2, in contrast to e.g. Wooldridge (1992);
see Zheng (1996) for a more in—depth discussion.

Zheng assumes that 6y can be y/n—consistently estimable under the local alternatives, which
is only true for alternatives for which E(I',¢;) = OE| Under the local alternatives, 6,, can be \/n—
consistently estimated, but the difference between 6,, and 6y disappears at the rate at which the
local alternatives approach the null. Since the local alternatives approach the null at a slower rate
than 1/y/n, the difference between 6,, and 6y should be taken into account. Note that assuming
E(Tg;) = 0 makes the expectation of the numerator in equal to F(||¢|/?) and that of Zheng
equal to E(||v/@iqi||?), where ¢; = ¢(z;) denotes the density of z;.

The fact that Zheng’s local power depends on the density of z; implies that taking transforma-
tions of z; without changing the local alternatives will affect local power. In contrast to Zheng, the
numerator in does not contain the density and therefore it is invariant to transformations of z;.
The following theorem shows that the denominator in is also invariant when z; is scalar—valued;
the case for vector—valued z; is similar but is omitted to conserve space.

Theorem 6 Suppose that assumptions[4], [B, [0}, and[G —[] hold. Suppose further that z; is a scalar
continuous random variable whose density has a uniformly bounded derivative and that {w;;} are
uniform nearest neighbor weights (i.e. wi; € {0,1/k}). Then under (9),

2
A~ d L
T — N <, 1).
V2
To see the implications of the invariance property, consider the ratio of the mean of the local power

of the Zheng test to that of our test for d, = 1 and scalar—valued ¢; with fixed k, h, and 0,,, assuming
E(T';q;) = 0 and homoskedasticity, i.e.

e x E(q;9i)//E(¢i) (11)

E(q}) ’

where ¢ is the square integral of the kernel. The first factor in consists entirely of variables
which do not depend on and are not chosen as a function of the shape of the local alternative. For
a given density ¢ and fixed choices of smoothing parameters and kernel, there always exists some
local alternative for which the local power of the Zheng test is negligble compared to ours. Indeed,
if ¢ has unbounded support then for ¢ o< 1/1/¢ the ratio is zeroﬂ

"This analogy is imprecise since hj depends on 4.
8This condition is not explicitly imposed by Zheng (1996), but it is necessary.
9We assumed E(q?) to be finite, but only to keep :> well-defined; otherwise some limit argument can be used.
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Since the null hypothesis allows for weak or partial identification, the local alternatives @ are
not the only interesting sequence of hypotheses. For instance, we may consider the alternative
with sequential A shrinking to 0, which is an example of local alternatives that can accomodate
weak identification; in the limit they become the null with no identification. This idea can be
generalized to a sequence of uniform local alternatives such as

P(pi(0) = p2(0) + 6n0:(0)) = 1, (12)

where £2(6) could be 0 at multiple values of § and some restrictions are imposed on g; (6 H In the
working paper version of this paper, we showed that Ty is consistent under the sequence of (|1 , as
long as 6, > logn/v/nk. The rate condition of 8, = logn/v/nk is in fact reminiscent of Jun and
Pinkse (2007). In that paper we show that under the null with point identification and sequential
A (e pu¢ =0, 0, =\, ¢; = if), O can be consistently estimated only when A = 1/v/nk (see Jun
and Pinkse (2007)). If, in the case of point identification, §y cannot be estimated consistently, then
it is intuitive that departures from the null cannot be detected.

Assuming strong point identification under the null, singular (or high frequency) local alterna-
tives have also been studied in the literature (e.g. Rosenblatt (1975), Fan and Li (2000), Guerre
and Lavergne (2005)). In particular, Fan and Li (2000) showed that kernel-based tests have more
power against such alternatives than integrated-moment—conditions (ICM) type tests. Theorem 7] I
illustrates that Th is in fact comparable to the result of Fan and Li (2000) and hence it is more
powerful than ICM type tests for singular local alternatives. Consider

Hysr - P(HZ(Q) = H?(G) + Sann) =1, (13)

where Qin = ¢((2i — v)/hy) /A% with h,, a bandwidth and q(s) satisfies (i) Y1 = [ ||q(s)||ds < oo,
(i) T2 = [ llg(s)|Pds < o0, (i) [1sllla(s)]| — 0 as [|s]| — oo, (iv) sup, la(s)]] < M, and (v)
llg(s) —q(t)|] < Cyl|s — t||. Conditions (i)—(iv) are those of usual kernel estimation. Condition (v)
imposes a Lipschitz condition on ¢(s). We then have the following theorem.

Theorem 7 Suppose that assumptzonsl @ @ @ andljl hold. Suppose that HZl—ZQHdZ has compact
support with density f satisfying ¢ < inf, f(2z) < sup, f(z) < C. Suppose that (52 he //nk and
that k/n < hd < 1. Then, under ,

Ty — Vnkh, %52 j%m N(0,1).

Theorem |7| shows that T3 has non—negligible power as long as on goes to zero more slowly than
E'/*/n?/* and k/(nh®%) converges sufficiently slowly. Recall that T} requires that n/>t® <k <n
for some o > 0 whereas 75 only needs 1 < k£ < n. Therefore, T3 can in fact detect singular
alternatives that are arbitrarily close to n=3/4. Note here that the rate that is arbitrarily close to
n~3/% is also the best that kernel-based tests can detect (see e.g. Fan and Li (2000)).

5 Simulations

We now compare several specification tests in simulation experiments. The main focus is on the
behavior of the test statistics under the null of correct specification. Throughout this section the

0For instance, functions g;(#) that are proportional to u¢(6) should be contained in the null hypothesis.



5 Simulations

null hypothesis is
Hy: E(y; —Yibplz) =0 a.s. for some Oy € O. (14)

Note that the model is given by conditional moment conditions and that the first stage equation

(Y ]zz) isnot spemﬁed We compare the performance of six different statistics: 7} (9(1U E1 Ty (90U 52)5
Tg(@) Ti(Ocver), Tr(0), and Ty(6y), where T1(0) and T5(0) are defined in equations and @
and 7] k(9) is a kernel-based statistic defined in Zheng (1996) 17, (Ap) is infeasible but it is in-
cluded as a benchmark. 90U E1l, 90U B2 and 90U gk denote (not necessarlly unique) global minimizers
of Ty (0),T: [5(0), and Tj(6), respectively. T5(f) and Ty () represent two-step (or plugin) statistics,
where 6 is an estimator that is \/n—consistent for y under strong point identification when the null
hypothesis is satisfied.

Size — Rejection frequencies for several significance levels

a | T1(0cver) Te(0cure) To(f2srs) Tr(Bcvuer) Ti(fasps) Ta(fo)
0.010 0.004 0.012 0.511 0.012 0.480 0.035
0.025 0.007 0.016 0.533 0.022 0.509  0.050
0.050 0.015 0.025 0.551 0.030 0.531 0.070
0.100 0.027 0.049 0.584 0.045 0.559 0.101
0.200 0.053 0.078 0.626 0.075 0.602 0.171

p=0.5X=1,n=100,k =40,h = 0.4, and g(z) = 27 — 1.

Table 1: Conditional moments with strong identification but unconditional moments with weak
identification (sub—optimal choice of instruments)

We first investigate the size properties of the six statistics, for which we use the following design:

{ yi = Y; +u;
Y = Ag(zi) + v,

where u; and v; are drawn from a mean zero multivariate normal distribution with variances equal
to one and covariance equal to p, and z; independently from a standard normal. All simulation
results are based on 1,000 replications.

Size — Rejection frequencies for several significance levels

a | T1(0cvp1) Te(0cupe) T2(0sp) Ti(Ocuer) Trk(0sp) T(0o)
0.010 0.018 0.018 0.341 0.024 0.362 0.045
0.025 0.027 0.027 0.360 0.030 0.395 0.061
0.050 0.036 0.036 0.382 0.046 0.419 0.077
0.100 0.052 0.056 0.422 0.067 0.455 0.122
0.200 0.077 0.093 0.487 0.106 0.519 0.181

p=—0.99,A=0.07,n =200,k = 69,h = 0.35, and §(z;) = z;.

Table 2: Conditional moments with weak identification

Tables [If and [2] contain examples that were constructed to demonstrate problems with the use
of plugin statistics. In table [I} the first—step estimator used is the 2SLS estimator. Since the

1We did not include Guerre and Lavergne’s (2005) test here since it does not apply to the designs used here.
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5 Simulations

2SLS estimator is inconsistent when g; is orthogonal to z; — as is the case here — plugging in the
2SLS estimator results in invalid inferencesF_zl While it is true that using additional powers of z;
as instruments would improve performance in this particular example, it is still possible that g; is
(close to) orthogonal to all such instruments["|

Size — Rejection frequencies under the null for the nominal level 5%

dim(z) | n | Ti(0cur1) T2(0cur2) T2(0asrs) Ti(Ocurr) Ti(fasrs) Ta(0o)
1 100 0.030 0.035 0.041 0.038 0.046 0.071
200 0.037 0.036 0.043 0.050 0.056  0.074

400 0.036 0.032 0.040 0.045 0.050 0.070

800 0.034 0.036 0.038 0.044 0.048  0.069

2 100 0.050 0.047 0.053 0.049 0.062  0.081
200 0.039 0.031 0.034 0.034 0.037  0.053

400 0.051 0.042 0.047 0.054 0.059  0.067

800 0.046 0.043 0.044 0.044 0.053 0.069

4 100 0.027 0.041 0.050 0.033 0.041 0.058
200 0.046 0.044 0.046 0.039 0.042  0.054

400 0.054 0.051 0.055 0.040 0.046 0.060

800 0.060 0.040 0.041 0.050 0.052  0.054

8 100 0.020 0.056 0.073 0.025 0.045  0.080
200 0.026 0.048 0.052 0.032 0.046 0.063

400 0.043 0.051 0.054 0.034 0.042  0.060

800 0.060 0.060 0.062 0.030 0.034 0.074

Table 3: Regular cases with strong identification

Plugging in a semiparametric estimator based on knn estimation of g; does not have this prob-
lem, but is not generally valid, either, especially when instruments are weak as the experiment
represented in table [2] shows. The problem here is that the asymptotic behavior of the semipara-
metric estimator is nonstandard (and even inconsistent) under weak identification; see Jun and
Pinkse (2007).

The main problem with the continuous updating statistics is that their true size can be much
less than the nominal size under weak identification (not tabulated). But a conservative test is
preferable to an invalid one. Note also that they cease to be conservative in more regular cases; see
table Bl

Table [B] summarizes the behavior of the statistics in a more standard situation. Here we used
A =1 and a linear g and all statistics appear to have reasonable size properties. Note that the
continuous updating versions by definition have lower rejection rates than the corresponding plugin
ones. The differences are modest, which can be ascribed to the fact that all estimators are /n—
consistent here.

The rejection rates under the alternative (tables |4 and [5|) are by definition again lower for the
continuous updating statistics than for the corresponding plugin versions. The differences can be
substantial if V[m;(0)|z;] is large for 6 far from 6y because the plugin and continuous updating

1276 see this point, note that E(zz (yi — Ylﬂ)) =0 for any 0 € R.
131f §; is vector-valued, the nonorthogonality requirement becomes a maximum rank condition.

11



5 Simulations

Power — Rejection frequencies under the alternative for the nominal level 5%

dim(z;) n | Ti(Ocup1) To(0cur2) To(Oasrs) Ti(Ocurer) Tr(Basrs) Ta(0o)
1 100 0.168 0.201 0.229 0.205 0.232 0.516
200 0.350 0.410 0.442 0.404 0.436  0.843

400 0.710 0.777 0.796 0.761 0.782  0.989

800 0.953 0.969 0.971 0.963 0.966 1.000

2 100 0.152 0.169 0.183 0.169 0.200  0.425
200 0.358 0.355 0.372 0.371 0.395 0.753

400 0.607 0.638 0.654 0.607 0.643 0.971

800 0.926 0.930 0.933 0.924 0.935 1.000

4 100 0.086 0.105 0.126 0.108 0.141 0.280
200 0.231 0.249 0.271 0.253 0.280  0.549

400 0.465 0.444 0.461 0.460 0.501 0.842

800 0.813 0.770 0.777 0.782 0.803  0.993

8 100 0.020 0.092 0.115 0.054 0.099  0.189
200 0.048 0.128 0.150 0.095 0.128  0.313

400 0.090 0.242 0.259 0.224 0.261 0.564

800 0.261 0.438 0.460 0.454 0.477  0.866

Table 4: Regular cases with strong identification — logarithmic alternative

Power — Rejection frequencies under the alternative for the nominal level 5%

n | Ti(0cver) T2(0cur2) T2(basrs) Ti(Ocupkr) Tr(basrs) T2(6o)
100 0.309 0.397 0.441 0.373 0.422 0.489
200 0.617 0.721 0.755 0.688 0.733 0.786
400 0.928 0.970 0.976 0.956 0.969 0.976
800 0.998 1.000 1.000 0.999 0.999 1.000

Table 5: Regular cases with strong identification — inverted normal alternative

estimators can have different probability limits under the alternative. So having a valid test can
hurt power. In our experiments we use designs in which the variances under the null and alternative
are not very different; we use y; = Y;0y + 0.21log(Y;> + 1) + u; for the experiments of table [4] and
yi = Yi00+0.1/1/¢*(2i) + u; for those of table[5] where ¢* is the standard normal density function.
Table [4] suggests that the power of plugin and continuous update versions are similar. Moreover,
the performance of kernel and knn versions is similar, albeit that differences in power between
kernel and knn versions are likely to arise if instruments have distributions very different from the
normal, as in table[5] Although the power difference between kernel and knn estimators is less than
one would expect on the basis of the discussion following theorem [6] one should bear in mind that
(i) the Zheng test is consistent, (ii) E(T';¢;) # 0 in this example, and (iii) the choice of smoothing
parameters affects power. Finally, it is apparent that the leave—one—out version of our test (Tg)
does better than Tl.

We also conducted a limited set of experiments under a singular local alternative (not tabulated).
The intuitive conclusion of these experiments is that the way the local alternative is structured
largely determines (local) power. For instance, if ¢ in is chosen the same as the kernel in the

12



6 Conclusion

Size — varying with k

k n | Ti(0cve1) T2(0cur2) T2(02s1s) Tk(Ocuer) Ti(f2sps) Ta(6o)
20 | 100 0.034 0.035 0.042 0.033 0.046  0.067
46 | 200 0.032 0.036 0.040 0.049 0.056  0.076
81 | 400 0.026 0.028 0.031 0.043 0.047  0.066
140 | 800 0.031 0.040 0.042 0.045 0.052  0.072
40 | 100 0.032 0.028 0.037 0.041 0.052  0.068
69 | 200 0.037 0.036 0.043 0.050 0.056  0.074
121 | 400 0.036 0.032 0.040 0.045 0.050  0.070
210 | 800 0.034 0.036 0.038 0.044 0.048  0.069
60 | 100 0.047 0.039 0.042 0.043 0.048  0.054
104 | 200 0.043 0.039 0.048 0.046 0.050  0.075
180 | 400 0.041 0.037 0.038 0.046 0.051 0.071
315 | 800 0.040 0.035 0.039 0.045 0.048  0.072

Table 6: Regular cases with strong identification

Zheng test, then the Zheng tests outperform the knn tests. See Guerre and Lavergne (2005) for a
substantial simulation study of their statistic under such alternatives.

Finally, we studied the effect of the choice of smoothing parameter on performance. The results
for size are in table[6] and those for power in table[7] The design is the same as that used to analyze
the size and power properties of the various tests under strong identification. For the kernel-based
statistics the bandwidth was chosen equal to (k/n)'/4. It is evident that there is some variation
in the size and power properties of all test statistics and that, while smoothing parameters should
always be chosen with some care, all test statistics are fairly insensitive to the choice of smoothing
parameter.

6 Conclusion

We proposed two (closely related) generally applicable nonparametric specification tests, which are
robust to many (identification) problems unrelated to the hypothesis being tested. We find that the
leave—one—out version of our test statistic (Tz) performs better than the complete quadratic version
(Tl) Our tests are shown to be asymptotically valid regardless of the identification situation.
Although two—step tests that use plugin estimators may have substantially more power than ours in
some cases, they can be seriously size—distorted. If strong point identification is not in doubt (e.g. in
linear regression models without multicollinearity), then two—step statistics are preferable because
the power of continuous—updating tests is by definition no greater than that of two—step ones;
the only reason to prefer our test to the plugin version is that the test statistic yields an efficient
estimator of the parameter of interest under the null hypothesis. In all other cases, continuous
updating is preferable to plugin. Our simulation study does not reveal substantial differences in
performance between knn and kernel-based statistics. However, a classical local power analysis
shows that knn—based tests are preferable because they are local power invariant.

13



6 Conclusion

Power — varying with &

k n | Ti(0cve1) T2(0cur2) T2(02s1s) Tk(Ocuer) Ti(f2sps) Ta(6o)
20 | 100 0.153 0.180 0.194 0.184 0.212  0.455
46 | 200 0.356 0.381 0.402 0.385 0.418  0.796
81 | 400 0.707 0.737 0.745 0.726 0.750  0.984
140 | 800 0.954 0.966 0.968 0.951 0.956 1.000
40 | 100 0.162 0.197 0.215 0.190 0.209 0.511
69 | 200 0.375 0.438 0.462 0.418 0.451 0.834
121 | 400 0.710 0.776 0.795 0.761 0.783  0.989
210 | 800 0.955 0.972 0.972 0.960 0.964  1.000
60 | 100 0.206 0.254 0.278 0.237 0.257  0.517
104 | 200 0.405 0.478 0.505 0.449 0.478  0.852
180 | 400 0.715 0.813 0.830 0.785 0.802  0.989
315 | 800 0.945 0.978 0.979 0.972 0.974  1.000

Table 7: Regular cases with strong identification
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A Proof of Theorem [1I

Under Hy, the numerators of Ts(6p) are given by

d

Zh” Z mzt 90 — 1 + ZZ hzg + h]z Zmzt 90 mjt 90)) (15)
t=1

i g<i

where h;; = a;; = Y, wywy; for s = 1 and h;; = w;; for s = 2; we used the fact that Var(ml(90)|2 ) =
1,4, where Z,, denotes z1,- - , z,. Suppressing 6y, let A; = Zt L hii(m%—1) and B; = Zt 1 Z]<1(hw+

hji)mim;; and note that

> E(B}|2n)

& =

forms a martingale difference sequence. Since Ty = ), &;, the limiting normal distribution of T}
can be obtained by verifying conditions (i), (ii), and (iii) of lemma D3 in Jun and Pinkse (2007).
See also theorem 24.3 in Davidson (1994). We first show that Y, E(B?|Z) is bounded away from
0 so that zi; is well-defined. Let D? =Y, E(B?|Z,) =d)_, > j<ilhij + hj;)?. C > 0 will denote a
generic constant throughout.
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Lemma Al D? =24 > 2d+ o(1), and D3 = d); wij(wij +wj;) > Cn/k.

i#j & l]
Proof: First, note that

]ensen

D2—4dZZaU—2dZZaw > n—l ZZ@Z]

i §<i i jF#E i jFi
Now, o
ZZCLU —ZZ wtzzwt] ZZ(wtz(l_wtz)) Z’I’L(l— E)
i g#i i J#i to
Therefore, c
D2 > T_L1(1—E)2_>2d.

For D%, note that Z wij (Wi +wjig) =, Zj<i(wij + wji)z, where (w;; + wji)z > %(wij +wj;).
Therefore,
C C n
2

Lemma A2 Suppose that

S his + hii|P
E( > b 2) 0 and np/2—1E< 22 2 j<ilhig + Ryl /2> 0 (16)
2 Zj<l(hw + hyi) (Zz Zj<i(hij + hji)Q)p

for some 2 < p < 4. Then, & satisfies conditions (ii) and (iii) of lemma D3 in Jun and Pinkse
(2007): i.e.

(a) max|&| 50 and (b)) Y & B 1. (17)

Proof: Let 4 B
/i‘ = : and Bz = !

LT E(BZ) >, B(B2|Z,)

Noting that
h2.
> 2j<ilhij + hjz‘)2)

2j<ilhij + hyil? )
(Zz Zj<i(hij + hji)2)p/2

due to assumption [B] the Burkholder and the C, inequalities, we will show that

ZE(A?)_,O and ZE(]BZ-V’)_m (18)

E(A2) < CE( and  E(|B;|") < Cnp/z_lE(

imply conditions . Since max; ;| < max; |A;| + max; | By, it follows from the Bonferroni and
Markov inequalities that

P(max |&] > 2¢) <ZP|A|>6+ZP|B|>6 <—ZEA2 ZE|B|p
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Therefore, condition (a) follows from (18)). For condition (b), note that

p/2
|ZB 1> < (‘Z E(B?|Z, ))‘ )
2 52 p/4 4 /4 c ST 2NN
- 6p/2 ( Z‘B E(B/12n) ) ) - ep/2 ZB )) = /2 ZE(’BZV;) 0, (19)
using the Burkholder inequality, the C, inequality and condition . Now, condition (b) follows
from
Schwarz ~ ~ ~ ~
DT 12A3|+|233—1\+2\/2A3¢233. 0

Lemma A3 ¢; satisfies condition (i) of lemma D3 in Jun and Pinkse (2007): i.e.
sup,, F(max;<, £) < .

Proof: Since ¢ < 2(A? + B?), we know that

2 12
B(max&f|2,) <23 B(Af|2,) +1, (20)

For h;j = w;j;, the lemma is trivially true, because /Nll = 0. For h;; = a;j, note that

2 Zt s=1 Zz “( ( uﬁm |Z ) ) [B] Schwarz 276%2@
LTS por S
2d? %, Zj;éi ij D0 Dt O3

Note here that Y, a% = Y, ,wiw? < Cn?/k® — 0 because k is chosen such that n3 < k?
when h;; = a;j. Therefore using lemma (A1} . we know that there is a non-stochastic sequence 7,
converging to 0 such that >, F/ (A2|Z ) <9n a.s.. It then follows that for any constant C' > 0,
there exists N € N such that 3, F(A?|2,) < max{y1,72,--- ,yn,C} a.s.. Combining this with

completes the proof. [
Lemma A4 sup, E(wojwsiwiiwsy |21 = a) = O(n™?).

Proof: The proof is similar to that of lemma B3 of Jun and Pinkse (2007). Here, we only consider
the case that P(z; = a) = 0. As in Jun and Pinkse (2007), define 7(a,b) = P(||z — b|| < ||la —b|])
and A(a) = {b: 7(a,b) <2k/n}. Let N; denote the set of neighbors of z;. Since for any a,

C
k4 ( (21 < NQ) (21 S N3)I(Zl (S N4)I(Zl € ./\/5)|21 = a),

it suffices to show that sup, E(I(z1 € N2)I(z1 € N3)I(z1 € Nu)I(z1 € Ns)|z1 = a) = O(k*/n?).
Let Sj(a,b) =341 I(|[zi — b]| < |la —b][). Note then that

E(wawsiwnwsi|z1 = a) <

I(z1 € No) < I(z1 € No)I(7(21, 22) > 2k/n) + I(1(21, 22) < 2k/n)
< I(Sg(zl,zg) < k:)I(T(zl,zQ) > 2]<:/n) + 1(7(21,22) < 2k/n)
< I(‘SQ(Zl,ZQ) — (TL — 2)7‘(2’1,2’2)’ > k‘) + I(T(Zl,ZQ) < 2k/n)
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It then follows that

E(I(21 e No)I(z1 € N3)I(21 € Ny)I(z1 € N5)|z1 = a)
< E(I(1(a, 22) < 2k/n)I(7(a,z3) < 2k/n)I(7(a,z1) < 2k/n)I(7(a,z5) < 2k/n)|z1 = a)
+ ClP(]SQ(a, z9) — (n — 2)7(a, 22)| > k‘) + CQP(|S3((I, z3) — (n—2)7(a, z3)| > k:)
+ C5P(|S4(a, z4) — (n — 2)7(a, 24)| > k) + C4P(|S5(a, 25) — (n — 2)7(a, 25)| > k).
The RHS2-RHS5 are all the same, and they are bounded by exp(—2k?/(n — 2)) by the Hoeffding

inequlity. The RHS1 is bounded by sup, P(z2 € A(a))* = O(k*/n*) by lemma B2 of Jun and
Pinkse (2007). O

Lemma A5 Under Hy, T1(0) <, N(0,1) and T(6p) LA N(0,1).

Proof: In view of lemma it suffices to show that the two conditions of are satisfied. First,
consider T5(6y). The first condition of is trivially satisfied, because w;; = 0. For the second
condition of , use lemma to obtain

S wes P
/21 E( 220 2j<i [wij + wjil /2> < CnUTPPIE(Y wij) = R S0,
(> > j<i(wij + w;i)?)” i
Now T (6p). Since ), Zj<i(aij+aji)2 is bounded away from 0 by lemma it suffices to show that
p_

B, az) = o(1) and n> 1E<Z’L 2j<i afj) = o(1). Note ﬁ}"St that >, E(a}) = Dits E(“)tzzwgz) =
O(n/k?) = o(1) because k is chosen such that n < k* for 7). Further,
E(a?j) = Z E(wtliwtljthiwtzjwt:siwt:ajwtuth) < Ck™ Z E(wt1iwt2iwt3iwt4i)@O(kizl)v

t1tatsty t1tatsty

which implies that

Jensen

ATTEQ Y al) = e 0D Bt = OWE k).

i <t i j<i
Since 2 < p < 4 is arbitrary, using p = 4 completes the proof. []

Lemma A6 ||V (6p)~Y/2 — V(60)~/2|| is either o,(k/n) or o(1), depending on n** < k < n or
1<k <n.

Proof: We only consider the case of n3t <k < n. Suppressing 6y, let &5 and ¢ be the t—s

elements of V and V', respectively. Note that

n(Ses — Sts) = E (Mg Mis — Sts) — E Wi Mt Mjs — g Wi MisMje + g Wi Wir Myj My -
ij

% i iJr

-~

=Op(Vm)=op(k) 0, (\/n/K)=0p(k) =Op(y/n/k)=0p(k)  =Op(n/k)=o0p(k)
Since d is finite, it follows that ||V — V|| = 0,(k/n). Now, note that

==V VI = V< v (0 = v v = P,
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B Proof of theorem

which implies that
(1= 0p(k/m)) 1171 = V| < 0y(k/m),

because the smallest eigenvalue of V' is bounded away from 0. Then, the lemma follows from the
delta method. [

Proof of Theorem Since P(Ts > qo) < P(T4(60) > qa) for s = 1,2, it suffices to show
that T5(6p) = Ts(0o) + 0p(1) due to lemma Suppressing 6, let ¢11%2 and %2 denote the t1-ty
elements of V~1/2 and VY2, respectively. Note that

d
< stitg syt tity tyt .
Ts — Ts| = ) Z (ghrtaghts — ghtach 3)(2 hij ity Mty ) |/ Ds
t1,t2,t3=1 ij
< d® max |¢hfzehits _ chilschits| gy ZhijmitQmjtS /Ds. (21)

t1,t2,t3 l2,t3 | “—

ij

Note here that
‘ Z higmig, My | < ‘ Z hijmig, mjts — Z hii B (e, My |2i) | + ‘ Z hii B (e, iy | 2i) |
ij ij i i

where the RHS1 divided by Dy is O,(1), because

Z Z (hz'jﬁlz‘tgfnjtg + hjimjtzmz’tg,) + Z i (mitgmz’tg, — E (1, iy !%))
i

i j<i
is the sum of martingale difference sequences and theorem 24.3 of Davidson (1994) applies. There-
fore, in view of lemma it suffices to show that ‘ > hiiE(mmmit2|Zi) /Ds = Op(n/k). This is

trivially true for s = 2, because h;; = w; = 0. When s = 1, recall that D; is bounded below by a
nonzero constant by lemma and the conclusion follows from

Z E (aiiE(mitlﬁ’LitQ |Zl>> S ka‘il Z E (wjiE(mitlmitQ |Zl)) == Op(n/k) O
% iJ

B Proof of theorem [2

Following Robinson (1987), let &jg- =Y, wjio?.

Lemma B1 max; |62 — 62| = O,(n'/P k~1/2).

Proof: Follows from Robinson (1987), lemma 9. [

Lemma B2 lim,,_ P[min; 67 < Cs/2] = 0.

Proof: Follows from Robinson (1987), lemma 10. [
Lemma B3 Y, wijiim;(1/(6:6;) — 1/(5:65)) = op(/n/k).
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B Proof of theorem

Proof: First,

3wy (=
Wi MM\
— 0;0
1]

o; 0 agj

—) = Zwijmimj(; _ i) (Ai B ;)

1 1 1.1
+ wammﬁj(f - =)=+ sz]mlm]( - T)T (22)
— o)

0‘Z J p O‘j 05" 04

RHS3 is harder than RHS1 and similar to RHS2, so we only show that RHS3 is o,(y/n/k). Note
that 1/0 = 1/V/02, such that by the mean value theorem,

1 1 1 3
— — — 4+ (67 -63) — 53 (67 —62)% < 67 — 627, (23)

A

) ~ ~3
0 0 20].

16 mln(aj, aj)

Now, by lemmasand@ max; |&J2—6]2-| /min(&j, 6']7-) = O,(n3/P" k=3/2) and E’rhj > wijmi/(}i’ <
\/nEmQE( 2/0 ) = O(1/Vk), such that

|67 m;
g g Wy < max ———=——+— mjg wm
min aj, J - j mlna (7
1

= 0p(n¥P" k%) = 0,(\/n/k).

J
Further7
i (52— ) 2 2
Mmim;\oj — 0 _ mim;(mi — o7)
B\l ws— 5550 =B | 2 w2
iJ J ijt
2,2 mimj(m?—af) 2 . 3 /1.4
=>» E wl-jwjt< 25,57 > + similar terms = O(n°/k”) = o(n/k). (24)
ijt

Finally, >, wijmim;( j2 - ~]2~)2/(&Z-&§-’) can be dealt with an argument similar to the one used in
@9. o
Lemma B4 3. w;;m;m; (1/(646;) — 1/(0i0;)) = op(\/n/k).
Proof: Square and take expectation to obtain

> B((wf; + wigwji)mgm3 (67165 — o7 'o 1)) < (C/R) > E(wigmiml (6:65 — 0i05)?),

ij ij
where we use the fact that both g; and o; are bounded away from zero. Now, using assumption [B]
(6:6j — 0i05)? < |52 O’ —o? 07 1< C(|6? - o?|+ |a - 02|) Now, by the Schwarz inequality,

IZE Wi m 2]0 —o? ) <k \/ZE wam ?)2ZE|6?—J?|:o(n/k:). O

Proof of Theorem [2 From lemmas and [B4] it follows that
m; M m; M
szjo_ AJ _Zwijiijzop( n/k)7 (25)

gj o; 04
iJ J iJ v

which is sufficient for the stated result. [
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C Proof of Theorem

C Proof of Theorem (3|
Let 115(0) = E(m;(0)|2:) = A (6). Our statistic at 6 is given by T5(6) = N,(6)/Ds, where
d
= Z Z hijmit(e)mjt(e) —d Z h“
t=1 ij i
We will write u;(0) for m;(0) — p;(#) in the following discussion.
Lemma C1 Let f(y;,0) € F. Then, supgee [n' Y, f(vi,0) — E(f(vi,0)) | = op(1).

Proof: Without loss of generality, we will assume that E(f;(#)) = 0, where f;(0) = f(vi,0).
Choose an arbitrary nn > 0, and let 6 > 0 satisfy . Since © is compact, it can be divided up into
0-balls ©1,- -+, Ok, for K5 < co. Letting 6, be the center of ©,, we have

suplln Zfz < max n~ Zsup 1£:(0) = fi(0u)ll + max 12]2

€O,
<n+ Z =" fi(6)
k=1 i

with probability greater than 1 — 7. Since Kj is finite, and n > 0 is arbitrariy, applying the law of
large numbers completes the proof. [J

Lemma C2 Let f(2;,0) be a function of z; and 6 such that f € F and E(supgeg |f(2i,0)|Pf) < oo
for some 0 < py < oo. Then, for any q > 1, supy >_;; wi;|| f(zi,0) — f(z;,0)[|? = op(n).

Proof: Without loss of generality, we assume that f is real-valued. Choose an arbitrary n > 0,
and let § > 0 satisfy . Since © is compact, it can be divided up into d-balls ©1,--- , O, for
K5 < 0o. Now, let A (0) = |supgeo, f(25,0) — infoco, f(2;,0)7. Letting f;(0) = f(z;,0) and
suppressing 0, we have

sup n 1szg\fz fil" < max 671712%‘98%) fi = il
y €0,

0co =12, K,

<C max 15 JAVPEE max 15 W + max n_lg w;i| inf f;— inf f:]9).

= (n 1,2, =12, iR k=1,2, K§ —~ zJ’aee)ﬂfZ ee@ﬂfj‘)
ij

Here, the RHS3 is 0,,(1) by Stone’s lemma. Further, the RHS2 is bounded by

-1 -1 —1
. 1H213X Z N + Z n Z Wi j |A]n - Am| 71H%aX Z A + Op

again by Stone. Therefore, it suffices to show that the RHS1 is negligible. Note that

max IEAM < max JAR —|—Z|n IZAM Ajg)l =  max  E(Aj)+op(1),

k=1,2, k=1,2, k=1,2,--- Ks
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C Proof of Theorem

where

max F(A;) <n+ max FE(AI(Ay >n))

k=1,2,--- Ks k=1,2, ,Ks
<n+ max E(A‘Zf)l/pf max  P(Ay, > )P/ < n+(2E(sup ’fi‘pf))l/pf () s =D/ (esa),
K= 1727 “7K5 n:1,2,--4,K5 0O

Since 7 is arbitrary, the lemma is proved. O

Lemma C3 (i) supgeez wijuit(0)uje(0) = op(n) and (ii) supgeeo ZZ(ZJ wijujt(e))
foreacht=1,2,--- d.

2

= op(n)
Proof: Since u; € F, for any n > 0, we can choose § > 0 as . Divide © up into §-balls
©1, -+ ,0k, for Ks < oo, and let 0,; be the center of ©,. Note then

sup [uje(0) —wje(0:)| < and  sup uje(0) — wje(6e)] sup uir(6) — wie(6:)| < 7
6<6, 66, 0<6,

with probability greater than 1 — 7. Therefore,

|Sugn lzwmuzt 0)u;e(6)] <47 IlnaXK n- szy|“3t( x|
c - -

(0
+n _rlnaXK n- Z |wit (0 H— _max Zw”uzt Yt (05)]
with probability greater than 1 — 7. Here, the RHS2 is O,(n), because

_max n IZwU|u]t |<n_IZwU Z|u]t <))

k=1

_IZE Z|ult )[zi) + 0p(1 Z|uzt )|) + op(1) = O(1).

The RHS3 is also O,(n) by the law of large numbers. Lastly, squaring and taking expectation of
the RHS4 shows that it is O,(n~'/2k~1/2) = 0,(1). Taking n — 0 proves the first statement of the
lemma. The second statement of the lemma follows similarly and it will be omitted. O

Lemma C4 supycg >; (it (0) — pit(0))* = op(n) for each t =1,2,--- ,d.

Proof: Since (fi;+(0) — wit(0))? < 2((23' wijujt(H))2 + (ZJ wij (e (0) — M(@))f), we know that

supz (Rit(0) — pin(0))* < 2511132(2“%]“]15 ) +2SUPZ<ZwU pit (6 ’uit(e)))Z

fco 6o e
Jergen 2up Z (Z wijg( ) +2sup > wij (pse(0) — (). O

0€O 0cO

ij

Do, (n) Zop(nA2)
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C Proof of Theorem

Lemma C5 (i) supgce | 5, wie(0)(7:0(6) — pir(0))] = 0p(n) and
(1t) supgeg | D pit(0) (it (0) — it (0))] = op(nX) for each t =1,2,--- ,d.

Proof: Note that

Schwarz

1/2
sup | Z w;it(0)(f1:¢(0) — pie(9))] < sup Z u;t (0 sup Z f1it(0) — it (0)) ) /

0ce 0cO 0cO

'@w (n) + 0p(nA2)).

The second statement is similar and it will be omitted. O
Lemma C6 0 < C1k?/n? < D;? <O(1) and 0 < Csk/n < Dy? < Csk/n.
Proof: Note that

D% = 2d2a3j < 2dZwtiwtjwsiwsj < k! Zwtiwsi < an/k‘2,

1#] ijts its
D% = dZw,'j(wij + wj;) < Ck™1 Z’wij =Cn/k.

Therefore, the conclusion follows from lemma O
Lemma C7 supy ||[V(6)~" = V(8) 7| = 0,(1).

Proof: We will prove the uniform convergence for each element. For ¢,s € {1,2,--- ,d}, consider
the t—s element 5(0) of V(6); suppressing the argument 6,

NSts = Tirllis + Y it(flis — flas) + Y s (flar — fiat) + Y (flae — fuat) (Jiis — flis), (26)

where ﬁit => j wijmje and U;; = My — fie. Applying the Schwarz inequality and lemmas and
shows that the RHS2-RHS4 are o,(n) uniformly in 6. Since ‘ > Uiliis — nkE (ﬁitﬁis)‘ = op(n)
uniformly in 6 by lemma equation shows that !g}s — E(aitﬂis) ’ = 0p(1) uniformly in 6 and
hence supy ||V (8) — V(8)]] = op(1). Since P~' — Q=" = P~1(Q — P)Q~" for matrices P and Q, we
have an inequality [P~ — Q1| < (|~ = Q1|+ Q" )|Q 1[Il — P||. Using this inequality
and assumption [D] shows that

sup V@)™ =ve) < (St;p IV(6)~ =V (6)7!| +0(1))O(1)o,(1). O

Proof of Theorem [Bk Let

N2 (0) thmztl Ymie,(0) = i, NI(0) Zhwmm Ve, (8) = D hai

7 %
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D Proof of Theorem

and let Ny(6) be similarly defined; note that T4() = 3% | N*(9)/Dj. Since s = 1 and s = 2 are
similar, we only consider s =1 (i.e. h;; = a;;j) here. Note first that

N{2(0) =~ agjrivis, (0)mir, (0) — Z @i = Zﬁitl(@ﬁim (0) — Z wy
r , . —
Schwarz.- - - ~ %
=Y iin (0)faies (0) + 0p(n Z w¥ LB (5, (0)7i5,(6)) + 0p(n), (27)
uniformly in #. By the same reasoning, we also have

N12(0) = n N B (5, (0)1231, (0)) + 0p(n) (28)

uniformly in 6. Now, letting ¢'%2(6) and ¢*1%2() be the ¢;-to elements of V~2/2(#) and V—1/2(9),
respectively and suppressing the argument 6, we note that

sup | NIt — NY| < d®> max sup |grorgtez — gtslgt”’( max sup ’N5152’ + E wzj>
0 51,82:1,'“ d 51752:1
ij
€7 (27)

= 0p(1)(Op(n) + Op(n/k)) = 0p(n). (29)

It then follows that
. [Cal d
T, B AQZE 12(0)) + op(n))/D1 > kAQZCE(i%fu;f(e)) + o0p(k) — oo
t=1

at the rate of k, because A is fixed and F (infg /12‘5(0)) > 0 under Hj. In view of lemma we also
note that 75 diverges at the rate of vnk when \ is fixed. [

D Proof of Theorem [4]

Lemma D1 supymax; |62(0) — 62(0)] = o,(1).
Proof: Choose an arbitrary n > 0 and let 6 > 0 satisfy . Since O is compact, it can be divided
up into d-balls O1, -+ , O, for K5 < co. Let 6, be the center of ©,. Then
supmax |67(6) — 57(0)] <n+ max max|57(6s) — 67 (6,), (30)
0 % k=1,2,--- K5 1@
with probability greater than 1 — n. By lemma RHS2 in is 0p(1). Now let n | 0 to make
RHS1 disappear, also. [J

Lemma D2 sup,(min; &3(9))_1 = 0p(1).

Proof: Note that 0 < C' < min; 67(0) < supgmax; |52(0) — 62(0)| + min; 62(0). Therefore, the
result follows from lemma [DIl O

Lemma D3 supg‘z wym; (0)m;(0) (&;1(9)6;1(0) - 6f1(9)5f1(0))‘ = op(n).



E Proof of Theorem

Proof: Omitting the §—argument, note that by repeated use of the Schwarz inequality,

1 1 ‘ =2 =2
—— — —— | /[sup w;ims5  [sup ms. 31
Gi0;j awj\/e ZZ Y J\/e ; - B
The first RHS factor in is 0,(1) by lemmas |D1] u and D2 . The remalnlng two RHS factors are

O,(yv/n) by lemmas |C2 m and respectively, using the assumption that m? € F. O

Lemma D4 supg‘z w;;m;(8)m;(0) (&;1(0)&;1(0) - 0;1(0)0;1 (0))| = op(n).

. 1 1
Sup‘ E Wy MG (7 - == >‘ < maxsup
0 i 00 0i0j ,J 0

Proof: Noting that 6;, g; are uniformly bounded and uniformly bounded away from zero and that
|5; — 04]? < |62 — o2, it follows that (omitting the f—argument)

1 1 - ~ -
sup‘ E Wi MM (a — )’ < CSL;p g wij]mimj](\/\ag — o2+ \/|a]2. - 0]2]). (32)
]

ZO'] 0;0;

Now, by repeated application of the Schwarz inequality,
Sgpzwz‘j\mz‘my‘!\/ |57 — of| < i/sgpzm?i/sgpz |57 — 0?\2\/Sgpzwijm§- (33)
ij i i ij

The first and third RHS factors in are Op(nl/ 4) by lemmas and respectively. The
middle RHS factor in is op(yv/n) since supy >_, |62 — 02|> < supy >, wit|o7 — oZ|?, such that
lemma again apphes The argument for the supg ;. wij|mim;|,/ |5’]2- - 0']2-| portion of is
similar to that of . O

Proof of Theorem Since NJ1(0) = > wigmi(0)1m; (0) aile) Ujl(o) = nA2E(u2(9)) + op(n)

uniformly in 6,

Ty @i%f(nAQE(M(H)Q) + op(n)) /Dy > MVCE(iI;f i:2(0)) + op(Vnk) — co. O

E Proof of Theorem [5
Let u;(8) = mi(0) — pi(6) = mi(0) — p?(6) —0ngs. In this subsection, we use the following expansion:
1
Ns(0) = Ns(6o) + Nos(60)(6 — 6o) + 5(9 — 80)' Noos(00) (6 — ) + Op(nll0 — 6ol|*),  (34)

where

Z Z hzjuzt 90 u]t 9() dz hzz + 52 Z Z hszth]t + @) (\/>5 ) (35)

t=1 ij t=1 ij
d
Nos(6o) = n Z Z hij(mgit(00) qjt + qiemeji(6o)') + Op(v/n1) (36)
t=1 ij
NOGS 90 Z Z hzg m@zt(GO)mGQt(QO) + m@jt(GO)mGZt(QO) ) +0 (77’5 ) (37)
t=1 1ij

We start from showing that 6,, converges to 6y under the hypothesis @

25



E Proof of Theorem

Lemma E1 Under (@), we have 0, — 0y = —0, E(T'T;) L E(T%q;) + 0(6y).

Proof: First, we show that 6, — 6y. For this, it suffices to show that E(u;(6) 1;(0)) uniformly
converges to E(ug(0)'u¢(6)) under (9). Note that

sup |B(ns(0)' a(0) = 13(0) @) < 26 5up Bl 157 (0)]) + 67 af)
< 26, B(djg:) "2 E (sup |2 (0)|2) "/ + 62 Eg}ai) — 0.
0

Since we have established the convergence of 6,, to 6y, it now suffices to consider neighborhood
of fy. Since 6 is in the interior of O, 6, will satisfy the first order condition for sufficiently large

n. Letting I';(0) = “107@ = %@’

0 = B(Tu(80) 1:(62)) = E(T3(62)'T5) (B — ) + 5. B(i(80) 3) + o[ 16— 6ol
which implies that 6, — 6 = =5, (E(TT0) + o(1) ™ (E(Tja) +0(1)) +o(l6, ol O
Lemma E2 Ny,(6y) = 2n6,E(¢T';) + op(néy) under the hypothesis (9).

Proof: Since s =1 and s = 2 are similar, we only consider s = 1. Suppressing g, note first that
Zij a;ij(meirqje + m@jt‘]it) =2 Zijr WriWyjMeitqjt = 2nE (mert%ﬁ) + 0,(n), because

’ Z WyriWriMeitdjt — Z m@rtht’
r r
< wriwrsmei — mopell g — el + > wrilmoie — mopellare] + Y weslaje — grilImor|
gr ir Jr
Schwarz, Stone
= op(n)op(n) + op(n) + op(n) = op(n).

It then follows that Ngi(6y) = 2n6nE(Ef:1 T ,qrt) + 0p(ndy) = 2n0, E(q.T)) 4+ op(ndy,). O
Lemma E3 Nyg,(60) = 2nE(I}L;) + op(n) under the hypothesis (9).
Proof: It is similar to the proof of lemma [E2] and it will be omitted. [J
Lemma E4 For any C' > 0, sup|jg_g,<cs, || d V()™ —d V()| = 0,(6n).

Proof: Similarly to the proof of lemma [C7] it is easy to show that the derivative of each element
of V() uniformly converges to the derivative of each element of V(6). Therefore, it easily follows
that supjg_g,|<cs, |1d V(0) —dV(0)]| = 0,(d,). We will show that the same order obtains for the
differentials of the inverses. Suppressing the argument 6, note that

dvt—dvl=vldvv-vldvy !
=V AV —dv)V ! - (Ve V ' -V eV 1) vec(dV).
Therefore,
[dV= —av | < (V7 =V + VDAV —av[+ [ dVI[[V T e VT =V e VL
Then, use the uniform convergence of V' and d V together with the fact that SUp)||g—go||<cs, || AV (O)]] =
O(6,). O
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E Proof of Theorem

Lemma E5 For any constant C > 0, (i) sup|jg_g,||<cs, |Ns(6) — Ny(8)| = 0,(nd?),

(i) Sup|jg_go || <6, || Nos(0) = Nos(6)|| = 0p(ndn) and (iii) sup|jg_gq|1<cs, || Noos(0) = Nogs(0)|| = op(n)
under the hypothesis (@

Proof: Note first that under @, we have i;(0) = 2(0) + 6,V'/2(0)q;, where ji2(6p) = 0. For
ri,ro =1,2,--- ,d, consider

NIY2(0) = g, (0)m, (6) = > has.

Let ¢;(00) = V(90)1/2qi and @;(0g) = m;(0o) — 1;(6p). Suppressing 0y, we note that

N2 =Y iy Gigry — Y hii+ Y Biglhin GiraOn + Y higilge GirgOn Y hijdir, Giry0ns
]

i % i ij
=0p(y/n/k)=0p(nd?) =0p(Vndn)=0p(ndy)  =op(n3/46n/k!/*)=0p(ns3) =0p(né3)
(38)
Nsrglm = Z hijﬁ”LeiTlfL]’m + Z hijairlmGjrg + Z hijmﬁirl ijrgén + Z hijQirlmGjrgéna (39)
—op (n3/4 /kA/4)=op(nén) —0,(nb)

using lemma B4 of Jun and Pinkse (2007), and
sup INZ352(0)]] < sup 1> higgir, (0)rir, (0)]] + sup 1> higiir, (0);r, (6)]]
ij ij

45D |3 iy i, ()i (8) -+ gy, (0, (6))]| TR Oy m). 40)

j
Therefore,

sup  [NJV2(0)] < [NJ2(60)| + C|INIA"™ (60)[65 + sup [|N1352 (0)]162C? /2 = Oy(nd}), (41)
[|0—00||<Cén 0

sup [[Np2"(0)]] < [[NGA™(60)]] + C'sup [|NJgg* (0)]]8n = Op(ndy). (42)
[|0—60||<Cdn, 0
Now, let ¢'*2(9) and ¢"%2(6) be the t;-to element of V~1/2(6) and V~1/2(6), respectively. Then,

sSup ’Ns(e) _Ns(e)’

10—b0l|<C3,
<d® max sup  [¢MP(0)¢M(0) — M2(0)c" B (0)] max ( sup  [NPB(O) + ) hii)
tit2.ts |19—go||<Cén t2:t3=1 719y || <C6,, :

(op (/) + 0p(62)) (Op(n62) + Opl(n/k)) = 0p(nb2).

The other cases of (ii) and (iii) similarly follow from equations (40, (1)), (42), and uniform con-
vergence of V' (6) and their derivatives. O
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E Proof of Theorem

Lemma E6 Let 0, be the minimizer of TS(G). Then, 0, —0, = op(0y) under the hypothesis (@ In
particular, 0, — g = —6, BE(T'T;) " E(Tq;) + 0p(6n).

Proof: Since N,(0) = Ny(0) + 0,(n) and Ns(0) = nE(||11:(0)|] ) + 0p(n) uniformly in 6, it is clear
that és — 6, = 0p(1). Therefore, we only focus on the rate of 95 — #,. Since 6y is in the interior

of ©, the first order condition Ngs(és) = 0 is available for sufficiently large n. Expanding the first
order condition yields

Nos(0n) + Nogs(05) (05 — 0,) =
where 0, is between 05 and 6,,. Here, it can be easﬂy shown that Ng@s (0) = Npgs(8)+o0p(n) uniformly
in #. Also, following the proof of lemma we note that Nggs(0) = 2n Zle E (100t (0) i (0) +

,ugit(e)’ueit(G)) + op(n ) Therefore, Nggs( ) =2n Zt 1 (ueit(en)’m%t(en)) + 0p(n), and hence it
suffices to show that Nps(6,) = 0,(nd,) for the result. Suppressing 6, note that

Nos [ETES] Nys + op(ndy) Z Z hijmgizme + Z Z hijmejimi + op(noy,).

t=1 ij t=1 1j

Since the RHS1 and the RHS2 are similar, we will only consider the RHS1. Letting u; = m; — pu;,
write

d d d d
DO higmenmge =Y > higmaiwge + Y Y higmei(pie — pit) + > Y higmeiepie. (43)
t=1 ij t=1 ij t=1 ij t=1 ij

The RHS3 of can be easily shown to be 0,(ndy,), because Zle mgit(0n) it (65,) is an independent
mean zero array. For the RHS2 of , expand ;¢ (0,) — pji(6n) around 6y, and we obtain

1> higmais (pge — pac)| < higlmeillage — qieldn + > higlmaitllliaje(6o) — poi(0)[[]16n — boll
+ " hijlmea| (sup lane (O)]] + sup1ooie(O)]1)]16 — ol
ij

where the last term is Op(nd2) = o,(nd,) by lemma The first two terms are similar and we
only consider the first one. Also, when h;; = w;j, it is clearly o,(n) by Stone’s lemma and we only
consider h;; = a;;. In this case,

Zaij!meitﬂ%t — qit| < Zwrj(z wri!meitm%‘t — qre| + Zwm\meitH%«t — it
iJ Jr 7 i

which is 0,(n) by lemma B1 of Jun and Pinkse (2007). Lastly, consider the RHSI of (43). Note
that E((Zw hijmeitujt)2> = E<Zijr hijhrjmgitm(mu?t). When h;; = w;j, it follows from lemma
B4 of Jun and Pinkse (2007) that E(Zijr wijwrjmgitmgrtujzt> = o(n3/2k_1/2), which implies that
the RHS1 of (43)) is 0,(n/*k~1/4) = 0,(nd,). When h;; = a;;, note that
E(Z aijarijitmertugt) = Z E('wm]wm]uzt Zwmzmezt Zwmrlmemt)) = O(ng/Qk_1/2>a
T jrars 1

where the last equality is due to lemma B4 of Jun and Pinkse (2007). Applying 1emmac0mpletes
the proof. [
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F  Proof of Theorem @

Lemma E7 Suppressing 6q,

No(0s) = higuju; — d > hig +nd7 (E(djgs) — E(¢iTs)E(TiTs) " E(Tjgi)) + op(ndy)

under the hypothesis (@

Proof: From equation , lemmas and it follows that
Ny(6s) = Nu(6s) + 0p(ndy) = Ni(6o) — nd2 E(qTs) E(TiT:) " E(Tigs) + 0p(ndy).

Therefore, in view of equation , we only need to show that 62 >, i hijdiq; = nd2E(qlq;)+op(nd?).
Since the case of s =1 (i.e. h;; = a;;) is similar, we only consider s = 2 (i.e. h;j = w;;); see also the

proof of lemma Noting that |> ;. wijqiqje — >, | < > Wijlaitllgje — qit| = op(n), we know
that

d d
5721 Z Z Wiiqitqit = 52 Z Z qut + op(né,%) = né,%E(Z q?t) + op(né,%). 0

d
t=1 ij t=1 i t=1

Proof of Theorem Let D} = 2d D it a?j and D3 = d);; wij(wij + wj;). Then, they are

bounded away from 0, and they are Op(n/k); see lemmas [A1|and Since vVnkd2 = O(1) by the
setup, lemma [E7] shows that

L VRS, (Blajar) ~ BL)BT) " B)) S, 5 hijuange —d 5, hi
° Vk/nD, D,

where we suppressed 6. Therefore, we only need to show that (Zle Zij hijuipuje —d ", hii) /Dy
has a normal distribution under @ But, it follows from the same proofs of section [Al (]

+ Op(1)7

F Proof of Theorem
Lemma F1 P(S, < k/n, S, > k/n) = o(k/n).
Proof: Follows from lemmas C7 and C11 of Jun and Pinkse (2008). O

Lemma F2 P(Zl S NQ,ZQ S Nl,Zg S N4,Z4 S Ng) = P(Zl S NQ,ZQ S Nl)P(Zg S N4,Z4 S
N3) + O(kQ/TLQ).

Proof: Follows from lemma C12 of Jun and Pinkse (2008). [J

Proof of Theorem @: It suffices to prove that (k/n)D3 = (k/n) > wij(wij + wyi) = 1+
(k/n) > ;5 wijwji 2, 2. Let z and % be two independent copies of z. Let S, = S,(z,%) =
n~ S0 I(|lzi — 2| < |2 - 2[]) and S, = Sa(Z, 2). Note that by lemma [F1]

E(U)lgUJQl) == k_2P(Sn S k:/n, Sn S k‘/n)
= k72P(S, < k/n) =k 2P(S, < k/n, S, > k/n) = 1/nk — o(1/nk). (44)
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G Proof of Theorem

It thus suffices to show that Var( i wiwj;) = o(n?/k?). Finally, since by lemma
Cov(wi2wa1, w34wy3) = o(1/n?k?), it follows that

Var(Z wijwji> = Z COV(U}U’UJJ'Z', wtswst)
ij ijts
= n2(n - 2)2 Cov(wiawar, w34wy3) + 4n2(n — 2) Cov(wi2, way, wigwsy) + on? Var(wigwaq)
= o(n?/k?) + O(n/k*) + O(n/k) = o(n?/k*). 0O

G Proof of Theorem [T

Let N; = ||z — z;||% and let R(;) be the ' (smallest) order statistic. Let D, = Ry and consider a
sequence T, such that k/n < 79* < hd=.

Lemma G1 P(D, > 7%) = o(1).

By the mean value theorem, F'(s) > cs for ¢ = inf, f(s) > 0. Since D,, is the k™* order statistic, we
can write by the Markov inequality,

r=P(D, > %) < E(D,) = / = 1)7('n — k)!F(s)k_l(l - F(s))n_kf(s)sds
<! [ i@ - FO) s

_1 n! ! k n—k Beta _1 n! k"(?’L — k)‘ -1 k
¢ (/-c—l)!(n—k:)!/o v =y y = T TR e ) ng 1

which completes the proof. [
Lemma G2 For any sequence {ain} with E(||ain||) = O(1), 32, wijllctin(Qin—Qjn)|| = op(n/hd=).

Proof: We have
> wigllin(Qin — Qin)ll < wijllatin(Qin — Qi) I(I(llzi = 2l > 7) + I(l|2i — 2| < 7))
ij ij
< (2CuMy/k) Y e | I(78 < ||z = 2| < Dp) + Cylrn/BEt) D~ [lounl|
ij i

< ((2CunMy/R)I(7e < Du) + Cylma/ W) D ol = op(n/h),

by lemma O

Proof of Theorem Because (i) E(||Qin||) = O(1) and by lemma (i) >2;; wij(Qin —
Qjn)'Qin = op(n/hd=), and (iii) > WijllQin — Qjnll [maill = op(n/hd=), we follow the proof of
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G Proof of Theorem

lemma [E7] to obtain the expansion

N<é2>:Nz<9>—nS2 (QT3) E(TIT:) " E(T}Qin) + 0p(nd2/hi=)
—Zwu 0)u;i (00) + 02> wi; @}, Qs — n02 E(Q4, L) E(TT) ~ E(T)Qin) + 0p(nd2 /hik)

(]

= wa 00 UJ 9() + (5 szng nQ]n + Op(n52/hdz)

tj

Now, by lemma Zij Wij Qi Qin — 25 ||Qm”2} < Zij Wi || Qin | |Qin — Qjnll = 0p(n/hfi7). Since

>t |Qnll? 2= by = f () T,

T Zzg Wiju (Oo)u] (00) I vnk(g,%/h‘#)f(v)’rg
2T Dy \/ k‘/an

+ 0,(Vnkd?2 /hdz). O
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